Abstract Since the money is of time value, we will study a new class of risk statistics, named cash subadditive risk statistics in this paper. This new class of risk statistics can be considered as a kind of risk extension of risk statistics introduced by Kou, Peng and Heyde (2013) , and also data-based versions of cash sub-additive risk measures introduced by El Karoui and Ravanelli (2009) and Sun and Hu (2019) .
Introduction
In their seminal paper, Artzner et al. (1997) (1999) firstly introduced the class of coherent risk measures, by proposing four basic properties to be satisfied by every sound financial risk measure. Further, Föllmer and Schied (2002) and, independently, Frittelli and Rosazza Gianin (2002) introduced the broader class, named convex risk measure, by dropping one of the coherency axioms.
As pointed out by El Karoui and Ravanelli (2009), the axiom of translation invariance, which is also called cash additivity may fail once there is any form of uncertainty about interest rates because the money is of time value. For example, when m dollars are added to a future position X, the capital requirement at time t = 0 is reduced by less than m dollars because the value of the money may grow as the time goes by. Therefore, it is more appropriate to use cash sub-additivity to replace cash additivity. This observation motivated us to study the cash sub-additive risk statistics.
On the other hand, from the statistical point of view by Kou, Peng and Heyde (2013) , the behavior of a random variable can be characterized by its samples. At the same time, one can also incorporate scenario analysis into this framework. Therefore, a natural question is how about the discuss of cash sub-additive risk with scenario analysis.
In the present paper, we will study the cash sub-additive risk statistics with scenario analysis. By taking into account the time value of money, the dual representation results for them will be also provieded. This cash sub-additive risk statistics can be considered as a extension of the convex risk statistics introsuced by Tian and Suo (2012) .
It is worth mentioning that the issue of risk measures with scenario analysis have already been studied by Delbaen (2002) . It have also been extensively studied in the last decade. For example, see Kou, Peng and Heyde (2013), Ahmed, Filipovic, and Svindland (2008), Assa and Morales (2010), Tian and Suo (2012), Tian and Jiang (2015) , and the references therein. From this point of view, the present paper can also be considered as a kind of risk extension of risk statistics.
The rest of the paper is organized as follows. In Section 2, we will briefly introduce some preliminaries. In Section 3, we will state the definition of cash sub-additive risk statistics. An example will also be given F. Sun School of Mathematics and Computational Science, Wuyi University, Jiangmen 529020, China E-mail: fsun.sci@outlook.com in this section. Section 4 is devoted to the main results, the dual representation of cash sub-additive risk statistics.
Preliminaries
In this section, we will briefly introduce some preliminaries. From now on, let N ≥ 1 be a fixed positive integer. Let X be a set of random losses, and X N the product space X 1 × · · · × X N , where X i = X for 1 ≤ i ≤ N . Any element of X N is called a portfolio of random losses. In practice, the behavior of the N -dimensional random vector X = (X 1 , · · · , X N ) under different scenarios is represented by different sets of data observed or generated under those scenarios because specifying accurate models for X is usually very difficult. Some detailed notations can be found in Kou, Peng and Heyde (2013). Here, we suppose there always exist N scenarios. Specifically, suppose the behavior of X is represented by a collection of data
N which can be a data set based on historical observations, hypothetical samples simulated according to a model, or a mixture of observations and simulated samples.
For any 
Deninition
In this section, we will introduce the definition of cash sub-additive risk statistics and discuss the relation between onvex risk statistics and cash sub-additive risk statistics. Using this relation, we will provide the dual representation for cash sub-additive risk statistics.
We begin with recalling some properties related to the risk statistics R : R N → R.
A1 Cash additivity (or cash invariance at first m currencies): for any X ∈ R N and b ∈ R, R(
Remark 31 As introduced by Tian and Suo (2012), a convex risk statistic is a mapping on R N which satisfies A1 − A3.
Now we define a risk statistic on the discounted position DX
Definition 31 Let D be a discount factor. A spot risk statistic, say ̺ 0 , is a convex risk statistic defined on the discounted factor DX with X ∈ R N .
Given a (stochastic) discount factor D ∈ [0, 1] and a risk statistic ̺ 0 , we can define a convex set-valued function on R N by R(X) := ̺ 0 (DX). As shown by El Karoui and Ravanelli (2009), for any z ∈ R, we have
This property of R is called cash sub-additivity. The fact Dz ≤ z can also be understood as the time value of the money. That is to say that R is expressed in terms of the current numéraire but defined on the future financial positions with the future numéraire.
It is worth mentioning that cash sub-additivity does have a great meaning for quasiconvex risk measures. As pointed out by Cerreia-Vioglio et al. (2011), when there is uncertainty about interest rates, the cash additivity assumption on risk measures becomes problematic. Hence, under the cash sub-additivity assumption, the equivalence between convexity and the diversification principle no longer holds. In fact, this diversification principle only implies quasiconvexity.
Next, we will introduce the definition of cash sub-additive risk statistics.
Definition 32 A cash sub-additive risk statistic R : R N → R is a set-valued mapping which satisfies A2, A3 and the following property: A5 Cash sub-additivity: for any X ∈ R N , z 1 , z 2 ∈ R and z 1 ≤ z 2 ,
Remark 32 Cash sub-additivity A5 can also be expressed as follows. For any X ∈ R N , z ∈ R,
Proof. We first show that A5 is equivalent to R(X +z1) ⊆ R(X)−z. Suppose that A5 holds. Let z 1 = z ∈ R and z 2 = 0. The implication that A5 implies
is straightforward. Now we show the reverse implication. For any X ∈ R N and z 1 , z 2 ∈ R with z 1 ≤ z 2 , we know that X + z 1 1 ∈ R N . From (3.1) it follows that
which is equivalent to
which is nothing else but
which is exactly A5. The equivalence between A5 and R(X − z1) ≤ R(X) + z can be shown similarly. The proof is completed.
We will end this subsection with a special class of cash sub-additive risk statistics. Note that the scalar case of convex loss-based risk measures was studied by Cont et al. (2013) . 
We claim that the loss-based risk statistics are the special cases of cash sub-additive risk statistics. Indeed, for any X ∈ R N , z ∈ R and ε ∈ (0, 1), we have
where the last inclusion is due to the property of cash losses. Since ̺ is a proper closed mapping, by the arbitrariness of ε, we conclude that
which means ̺ is cash sub-additive.
Dual representation
In order to get the dual representation, we enlarge the space of financial positions R N . The enlarged space R N is defined as follows, for any X ∈ R N , there exists a ∈ R,
for any X ∈ R N and θ ∈ {0, 1}. It is not hard to check that the dual space of R N is itself. Thus, we can show a one to one relation between a convex risk statistic and a cash sub-additive risk statistic.
Proposition 41 Given a cash sub-additive risk statistic R on R N , we define a risk statistic ̺ as follows. For any X ∈ R N where X = XI {1} (θ) + a1I {0} (θ) with X ∈ R N , a ∈ R,
Then ̺ is a convex risk statistic with ̺(XI {1} ) = R(X).
Proof. It is not hard to check that ̺(XI {1} ) = R(X). Next, we will show that ̺ satisfies properties of A1, A2 and A3.
A1. Cash additivity: for any b ∈ R and X ∈ R N with X = XI {1} (θ) + a1I {0} (θ) where X ∈ R N , a ∈ R,
which shows that ̺ is cash additive. A2. Monotonicity:
which shows that ̺ is monotone. A3. Convexity: for any X, Y ∈ R N with X = XI
which shows that ̺ is convex. The proof is completed.
The main purpose of this section is to derive the dual representation for cash sub-additive risk statistics. To reach the purpose, we will first derive the dual representation of convex risk statistics on R N . Then, by applying the one-to-one relation between the convex risk statistics and the cash sub-additive risk statistics established in Proposition 41, we will derive the dual representation of cash sub-additive risk statistics. To this end, the dual representation of convex risk statistics on R N . It is not hard to show the following proposition by Tian and Suo (2012) .
Proposition 42 A risk statistic ρ : R N → R is a convex risk statistic if and only if there exists a convex
. . , N and a penalty function α : W → R such that
. Moreover, the minimum penalty function α min is expressed as
Proof . By Tian and Suo (2012), one can steadily show Proposition 42. Now, with the help of Propositions 41 and 42, we are ready to state the main target of this section.
Theorem 41 Any proper closed cash sub-additive risk statistic R on R N is of the following form. For any
where
P i ≤ 1, P i ≥ 0, i = 1, . . . , N ,
and P = (P 1 , . . . , P N ) ∈ R N . The minimum penalty function α min is expressed as
with A R := X ∈ R N |R(X) ≤ 0 .
Proof . From Proposition 41, we can define a convex risk statistic ̺ on R N by R, such that ̺(XI {1} ) = R(X)
for any X ∈ R N . Indeed, we have XI {1} ∈ R N . Thus, by Proposition 42,
Write P i X i := W i X i I {1} . Denote T := P ∈ R N | N i=1 P i ≤ 1, P i ≥ 0, i = 1, . . . , N , it is not hard to check that P ∈ T . Thus, for any X ∈ R N , R(X) = sup
with α(P ) = α(W ). Next, we will show the minimum penalty function α min of R. Since α min is the minimum penalty function of ̺,
Hence α min (P ) = α min (W ) = sup
